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Abstract. Within the framework of a recent model for car accidents on single-lane highway
traffic, we study analytically the probability of the occurrence of car accidents. Exact results are
obtained. Various scaling behaviours are observed. The linear dependence of the occurrence of
car accidents on density is understood as the dominance of a single velocity in the distribution.

Recently, traffic problems have attracted considerable attention [1]. Among the various
approaches applied to describe the traffic flow, the cellular automata models are capable of
reproducing many characteristic features. The basic model consigf{scai's moving on

a one-dimensional lattice df sites with periodic boundary conditions. Each site can be
either empty, or occupied by exactly one car. All cars can only move in one direction. The
velocity of each car is an integer between 0 andvherev is the speed limit and is often
taken to be 5 [2]. The position of théh car at timer is denoted by (i, r). The position of

the car ahead at timeis thenx(i + 1, 7). The system evolves according to the following
synchronous rule

x(@t+D =x@t)+min{x(@ +1,¢) —x@, 1) -1, x(@,t)—x(,t—1)+a, v}. Q)

The three terms (i +1,¢) —x(i,t) — 1, x(i, t) — x(i, t — 1) +a andv represent the driving
schemes respecting the safety distance, acceleratmm the speed limit, respectively. The
case ofa = 1 corresponds to a well known model [2], while the casezcft v can be
considered as a variation for aggressive driving [3]. In this last case, the evolution rule can
be written as

x(@,t+1D) =x@G,t)+min{x(@ +1,1) —x@,1)—1, v} (2)

More recently, the occurrence of car accidents has been studied numerically within this
framework [4]. Car accidents occur when drivers do not respect the safety distance, which
often happens when the car ahead is moving. At tinithe velocity of cari +1 is positive,
expecting this velocity to remain positive at timet 1, the driver of car increases the
safety velocity by one unit, with probability. The safety distance(i +1,7) —x(i,t) — 1
in equation (2) is replaced by(i + 1,7) — x(i, t), with probability p. If the cari + 1
stops at time + 1, this careless driving will result in an accident. The probabijiigy car
and per time stepfor an accident to occur is denoted By.. In [4], the value ofP, as a
function of car density = N/L is studied numerically for a special case= 3. When the
car density is less than the critical valpe= (1 + v)~%, no accident occurs. The average
velocity is v and the average distance between two consecutive cars is largey. tiidme
fraction of stationary cars, which is denoted hy, is zero. Wheno > pc, the average
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velocity decreases with, the average distance decreases witlthe fractionng increases

with p, and careless driving will result in a number of accidents. In the case of1,

all cars are stopped and no accident occurs. The probability for a car accident to occur is
observed, as expected, to reach a maximum for a car density bepyeen 1.

In the following, we present the exact results for these numerical features. Exact results
are obtained for the case = v, i.e. the evolution rule of equation (2). The explicit
expression for the distributioR,c(p) is also given.

For a careless driver to have an accident, the necessary conditions are such that the next
car ahead is moving at timeand then stopped at timret+ 1. These conditions at different
time steps can be replaced by conditions at the same time step. The car ahead stops at time
t + 1 because that two cars ahead stops at timEhus the criteria for an accident to occur
can be rewritten as four constraints at the same time step: at ti(dg the velocity of the
car ahead is positive, (2) the velocity of the second car ahead is zero, (3) the number of
empty sites to the car ahead is less thamnd (4) the number of empty sites between the
car ahead and that two cars ahead is zero. With these four constraints satisfied, an accident
is expected to occur with probability. Obviously, P, is proportional top.

For the model without car accidents, a phenomenological mean-field theory turns out to
be exact [3]. The same results can also be obtained by constructing the microscopic Boolean
variable [5]. (In the case af = 1, the mean-field theory only provides an approximate
result [6].)

Let d be the probability for a site being empty. The fractions of cars with various
velocities can be related to the probabilityas

d'(1—d) for0<i<v
dl fori =v

n;g = (3)
wheren; denotes the fraction of cars with velocityand the effects of correlations have
been included. With the known results of the car flow, an equatiow foein be obtained

Sai=12 @)
i=1 p

In principle, thep-dependence of probability, and thusz;, can be determined explicitly.

In [4], neglecting correlations, the probability was taken as & p. With a further
assumption omg, a crude approximation was obtained 8. The analytical expression
for the probability P,c can be obtained within the mean-field theory, where the value,of
is written as

v v—1
Pac = B(Zp n,-)(pno)<zd”)- )
PN n=0

The summation over results in the probability for a site being occupied by a car with
positive velocity, which provides the constraint on the velocity of the car ahead. The term
pno is the probability for a site being occupied by a car with zero velocity, which then
provides the constraint on the velocity of the car two cars ahead. The summation over
takes into account the constraint on the number of empty sites to the car ahead. With a
factord° (=1) assumed, the number of empty sites between the car ahead and that two cars
ahead, is zero.

With the help of equation (4), the probabilif§,. can be reduced to

Pec=p(1—p)A—-d). (6)
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Figure 1. Probability Pac/p as a function of density, for various speed limits. The various
symbols are numerical results for=1, 2, ..., 5. The full curves are the corresponding results
from equation (7). The dotted curve is the result of the limit> oo, equation (10).

The relation betweeP,. and o can thus be established
Xv:[l— Pyc :|i=1_l0
~ p(L—p) o

In principle, thep-dependence of probabiliti,c can be determined explicitly. The results

are shown in figure 1.
In the case ob = 1, we have
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As the densityp increases, the onset of the probabil®y, occurs at a density = % and
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Figure 2. Probability Pac/p as a function of the shifted density — pc). The symbols are the
same as in figure 1.

The onset of the probability?;; occurs at a density = % and reaches its maximum

0.217 211 at a densityp = 0.609 674, (exact expressions for these numbers can also be
found, which are not shown).

As the speed limib increases, the value @t also increases. The onset Bf; reduces
to a densityp = (14 v)~* and the density for the maximuiy. also shifts to a lower value.
In the limit v — oo, i.e. without imposing a speed limit, the probability for an accident to
occur becomes

Pac= pp(1— p). (10)

The value of P4 has a maximun% p at a densityp = % see figure 1.

With the analytical expression of equation (7), various properties for the occurrence of
car accidents can be studied in detail. Around the critical depsity (1+ v)~?, the onset
of probability P, is linear,

Pac~ 2p(p — po). (11)

It is interesting to note that a universal value of the slope is observed, see figure 2. The
slope of the rise has a value op2which is independent of the speed limit However,

in the limiting casepy — oo, the slope becomeg, see equation (10) and figure 2. It is

an indication that the simple result of equation (10) is not trivial and cannot be obtained
perturbatively.
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Figure 3. Probability P,¢/ p as a function of density, for various speed,. (v, is the velocity
of the car ahead of the careless driver.) The symbols and full curve are the same as in figure 1

for v =5.

At very high density,0 ~ 1, we observe another linear behaviour betw@gnand p,

Payc~ p(1—p) (12)

which is also universal, see figure 1. A linear drop is noticed with a universal slope at a

value of —p.
Next we study the velocity distribution of cars which resulted in an accident. Rewriting

equation (5), the probabilityP,c can be decomposed into contributions from various
velocities,

Pac = Z Paci (13)
i=1

v v—1
-y [%(Pni)(/mo) ( 3 d)} (14)
i=1 n=0

where the index denotes the velocity of the car being hit, i.e. the car ahead to the careless
driver. The results are shown in figure 3 (the indes denoted by, in the figure). Around

the critical densityp., most of the cars being hit from behind drive with the maximum
velocity v. As the density increases, the accidents resulting from cars driving with slower
velocities increases. The rate of increase is the largest for the slowesw,cats], and
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Figure 4. Probability Pac/ p as a function of density, for various speedac. (vac is the velocity
of the careless driver.) The symbols and full curve are the same as in figurev =ér.

decreases with the increase of velocity. We note that stationary cars will not be hit in this
model. Around the highest density,= 1, most of the cars being hit drive with the lowest
velocity, v, = 1.

The probability P,c can also be decomposed into contributions from various velocities
of the careless driver (which is denoted by in the figure.) The results are shown in
figure 4. Similar features are also observed. The linear behaviours around the degsities
and 1 can be understood as the result of one velocity dominating over others. Around the
critical densityp;, most of the accidents result from cars driving with maximum velocity
v, for both v, andv,; while close top = 1, the dominant velocity becomes that with the
lowest value, i.evye = v, = 1.

In summary, we study analytically the occurrence of car accidents in a traffic model.
The exact results are obtained from the phenomenological mean-field theory. The explicit
expression for the probability of the occurrence of car accidents is presented. The universal
scaling behaviour and the distribution of velocities in accidents are studied.
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